Let D be a digraph, V (D) and A(D) will denote the sets of vertices and arcs of D, respectively.
Introduction
For general concepts we refer the reader to [?] . In the paper we write digraph to mean 1-digraph in the sense of Berge [?] .In this paper D will denote a possibly infinite digraph; V (D) and A(D) will denote the sets of vertices and arcs of D, respectively. Often we shall write u 1 u 2 instead of (u 1 , u 2 ). An arc u 1 u 2 ∈ A(D) is called asymmetrical (resp. symmetrical) if u 2 u 1 ∈ A(D) (resp. u 2 u 1 ∈ A(D)). The asymmetrical part of D (resp. symmetrical part of D), which is denoted by Asym(D) (resp. Sym(D)) is the spanning subdigraph of D whose arcs are the asymmetrical (resp. symmetrical) arcs of D. We recall that a subdigraph H of D is a spanning subdigraph if V (H) = V (D). If S is a nonempty subset of V (D) then the subdigraph D[S] induced by S is the digraph with vertex set S and whose arcs are those arcs of D which join vertices of S.
A directed path is a finite or infinite sequence (x 1 , x 2 , . . . ) of distinct vertices of D such that (x i , x i+1 ) ∈ A(D) for each i. When D is infinite and the sequence is infinite we call the directed path an infinite outward path. Let S 1 and S 2 be subsets of V (D), a finite directed path (x 1 , . . . , x n ) will be called an S 1 S 2 -directed path whenever x 1 ∈ S 1 and x n ∈ S 2 in particular when the directed path is an arc. A digraph D is called kernel-perfect digraph when every induced subdigraph of D has a kernel. A digraph D is transitive whenever
Quasi In [?] Boros and Gurvich proved that if G is a perfect graph then any orientation of G in which each complete subdigraph has a kernel is kernel-perfect; it is well known that comparability graphs are perfect graphs (see by example [?] ). H. Meyniel [?] observed that if D is a digraph such that every directed cycle of length 3 has at least two symmetrical arcs, then each complete subdigraph of D has a kernel.
We can conclude the following result. Note that for any m-coloured D, D has a kernel by monochromatic paths if and only if C(D) has a kernel.
In this terminology Theorem ?? asserts that if D is a 2-coloured digraph, which contains no monochromatic infinite outward path, then C(D) has a kernel.
Now it is clear that Theorem ?? is equivalent to the following assertion. Let D be a digraph;
Finally, we will introduce some notation: Given two subdigraphs of D, D 1 and 
Kernels in the union of two quasi-transitive digraphs
The main result of this section is Theorem ??, to prove this result we use a similar method to the one of Sands et al.
[?].
Lemma 2.1 Let D be a digraph such that every triangle has at least two symmetrical
; then the sequence is an asymmetrical directed path of D contained in D 1 , and for each i ∈ {1, . . . , n − 1},
for every j ∈ {i + 1, . . . , n}.
Proof:
We proceed by induction on n. The result is obvious for n ≤ 2. Assume the rsult is true for a sequence (v 1 , . . . , v n ) which satisfies the hypothesis of Lemma ??.
Consider a sequence
. . , v n ) satisfies the inductive hypothesis; we have that T is an asymmetrical directed path contained in D 1 and for each i ∈ {1, . .
for every j ∈ {i + 1, . . . , n} so we only need to prove that for each i ∈ {1, . .
. First assume by contradiction that v n+1 = v i for some i ∈ {1, . . . , n − 1}, it follows from the inductive hypothesis on T that (v i , v n ) = (v n+1 , v n ) ∈ A(D 1 ) and thus (v n +1 , v n ) ∈ A(D) contradicting our hypothesis on T ; we conclude that T is an asymmetrical directed path of D contained in D 1 . Now, we have from the inductive hypothesis on T that for each i ∈ {1, . .
is a triangle and from the hypothesis on D, C 3 has at least two symmetrical arcs which is impossible as (
Lemma 2.2 Let D be a digraph such that every triangle as at least two symmetrical arcs, and D 1 a quasi-transitive subdigraph of D which contains no asymmetrical (in D) infinite outward path.
Proof: Suppose by contradiction that for each x ∈ U ,there exists y ∈ U such that (x, y) ∈ A(D 1 ) and (y, x) / ∈ A(D). Consider some x 1 ∈ U , then there exists x 2 ∈ U such that (x 1 , x 2 ) ∈ A(D 1 ) and (x 2 , x 1 ) / ∈ A(D). So for each n ∈ N; given x n ∈ U , there exists x n+1 ∈ U such that (x n , x n+1 ) ∈ A(D 1 ) and (x n+1 , x n ) / ∈ A(D). It follows from Lemma ?? that T n+1 = (x 1 , x 2 , . . . , x n+1 ) is an asymmetrical directed path of D contained in D 1 . Consider the sequence T = (x n ) n∈N ; for each n ∈ N, (x n , x n+1 ) ∈ A(D 1 ), and for n < m we have {x n , x m } ⊆ V (T m ) and since T m is a directed path we obtain x n = x m ; hence T is an asymmetrical infinite outward path of D contained in D 1 , a contradiction. For independent sets of vertices of D; S, T ; we write S ≤ T if and only if, for each s ∈ S there exists t ∈ T such that either s = t or (s 1 → t and t → s). Notice that in particular S ⊆ T implies S ≤ T .
(1) The collection of all independent sets of vertices of D is partially ordered by ≤.
This follows from the fact S ⊆ S.
(1.2) ≤ is transitive.
Let S, T and R be independent sets of vertices of D, such that S ≤ T and T ≤ R, and let s ∈ S. Since S ≤ T there exists t ∈ T such that either, s = t or (s 1 → t and t → s) and; T ≤ R implies that there exists r ∈ R such that either, t = r or (t 1 → r and r → t). If s = t or t = r, then s = r or (s 1 → r and r → s) with r ∈ R. So we can assume s = t, t = r, (s 1 → t and t → s) and (t 1 → r and r → t). Since D 1 is a quasi-transitive digraph it follows from Lemma ?? on the sequence (s, t, r) that (s 1 → r and r → s).
Let S and T be independent sets of vertices of D such that S ≤ T and T ≤ S, and let s ∈ S. Since S ≤ T there exists t ∈ T such that either, s = t or (s 1 → t and t → s). Suppose that s = t; the fact T ≤ S implies that there exists s ∈ S such that either t = s or (t 1 → s and s → t) . When t = s we obtain s 1 → s contradicting that S is an independent set; so t = s and (t 1 → s and s → t). Now applying Lemma ?? on the sequence (s, t, s ), we have s 1 → s contradicting that S is an independent set. We conclude s = t and consequently s ∈ T and S ⊆ T . Analogously it can be proved T ⊆ S.
Let F be the family of all nonempty independent sets S of vertices of D such that S 2 → y implies y → S for all vertices y of D.
(2) (F, ≤) has maximal elements. Let C be a chain in (F, ≤), and define S ∞ = {s ∈ S∈C S | there exists S ∈ C such that s ∈ T whenever T ∈ C and T ≥ S}, (S ∞ consists of all vertices of D that belong to every member of C from some point on).
We will prove that S ∞ is an upper bound of C.
(2.2.1) S ∞ = ∅, and for each S ∈ C, S ∞ ≥ S. Let S ∈ C and t 0 ∈ S, we will prove that there exists t ∈ S ∞ such that either t 0 = t or (t 0 1 → t and t → t 0 ). If t 0 ∈ S ∞ we are done, so assume t 0 / ∈ S ∞ . We proceed by contradiction; suppose that if t ∈ V (D) with (t 0 1 → t and t → t 0 ), then t / ∈ S ∞ . Take T 0 = S, since t 0 / ∈ S ∞ we have that therer exists T 1 ∈ C, T 1 ≥ T 0 such that t 0 / ∈ T 1 . Hence there exists t 1 ∈ T 1 such that t 0 1 → t 1 and t 1 → t 0 . And our assumption implies t 1 / ∈ S ∞ . The fact t 1 / ∈ S ∞ implies t 1 / ∈ T 2 for some T 2 ∈ C, T 2 ≥ T 1 , and there exists t 2 ∈ T 2 such that t 1 1 → t 2 and t 2 → t 1 . Since D 1 is a quasi-transitive digraph, it follows from Lemma ?? on the sequence τ 2 = (t 0 , t 1 , t 2 ) that τ 2 is an asymmetrical directed path of D contained in D 1 , (t 0 1 → t 2 and t 2 → t 0 ); and t 2 / ∈ S ∞ . We may continue that way and we obtain, for each n ∈ N, T n ∈ C, t n ∈ T n , (t 0 1 → t n and t n → t 0 ) and t n / ∈ S ∞ , hence there exists T n+1 ∈ C such that T n+1 ≥ T n and t n / ∈ T n+1 so there exists t n+1 ∈ T n+1 with (t n 1 → t n+1 and t n+1 → t n ).
Since D 1 is a quasi-transitive digraph, and (t n 1 → t n+1 and t n+1 → t n ) for each n ∈ N; it follows from Lemma ?? (on the sequence τ n+1 = (t 0 , t 1 , . . . , t n+1 ) ), that τ n+1 is an asymmetrical directed path contained in D 1 and (t 0 1 → t n+1 and t n+1 → t 0 ); and our assumption implies t n+1 / ∈ S ∞ . Now consider the sequence τ = (t n ) n∈N for each n ∈ N we have (t n 1 → t n+1 and t n+1 → t n ), and observe that for n < m, {t n , t m } ⊆ V (τ m ); and since τ m is a directed path we have t n = t m . Hence τ is an asymmetrical infinite outward path contained in D 1 , a contradiction. We conclude that there exists t ∈ S ∞ such that (t 0 1 → t and t → t 0 ).
(2.2.2) S
∞ is an independent set. Let s 1 , s 2 ∈ S ∞ and suppose without loss of generality that S 1 , S 2 ∈ C are such that:
∞ we have s 1 ∈ S whenever S ∈ C and S ≥ S 1 , so s 1 ∈ S 2 and since S 2 is independent, there is no arc in D between s 1 and s 2 . → y then we obtain the triangle (y, s , t, y) and it follows from the hypothesis that it has two symmetrical arcs and since t → s we have s → y and y → t, so y → S ∞ . We have proven that any chain in F has an upper bound in F, and so by Zorn's Lemma, (F, ≤) contains maximal elements. Let S be a maximal element of (F, ≤).
Since S ∈ F, S is an independent set of vertices of D. 
When U = ∅ it follows from Lemma ?? (applied on D 2 and U ) that there exists x 0 with the required properties, When U = ∅ it follows from our assumption that z → S, for some vertex z in V (D 1 ) − (S ∪ V (D 2 )); and we take x 0 any such a vertex.
Notice that the choice of x 0 implies x 0 → S and since S ∈ F, also we have S 2 → x 0 .
Let T = {s ∈ S | s 1 → x 0 }, it follows from above that T ∪ {x 0 } is an independent set of vertices of D.
Suppose T ∪{x 0 } 2 → y and y → T ; we will prove y → x 0 . First we make the following observation.
is a triangle which by the hypothesis has two symmetrical arcs, and since x 0 → s it follows that y → x 0 .
We proceed to prove (3. Remark 2.6 Clearly C 5 the directed cycle of length 5 is union of two finite digraphs, C 5 has no triangle and C 5 has no kernel.
We conclude that the hypothesis on Theorem ?? are tight.
